Consider a complete Riemannian manifold M n and let Σ n be an orientable hypersurface of the product manifold M ×R endowed with its standard product metric , . Let ∇ξ denote the gradient of the height function ξ of Σ. In this note, we will characterize the hypersurfaces Σ which have ∇ξ as a principal direction. Our approach will be based on the work of R. Tojeiro [2] , who considered the case where M is a constant sectional curvature space form.
→ M
n be an isometric immersion. Suppose that there is a neighborhood U of Σ 0 in T Σ ⊥ 0 without focal points of g, that is, the restriction of the normal exponential map exp ⊥ Σ0 : T Σ ⊥ 0 → M to U is a diffeomorphism onto its image. In this case, denoting by η the unit normal field of g, there is an open interval I ∋ 0 such that, for all p ∈ Σ 0 , γ p (s) = exp M (g(p), sη(p)), s ∈ I, is a well defined geodesic of M without conjugate points. In particular, for all s ∈ I, the map g s : Σ 0 → M defined by g s (p) = γ p (s) is an immersion, which is said to be parallel to g. Observe that the unit normal field η s of g s in M is η s (p) = γ ′ p (s). Now, define in M × R the set
where a : I → R is differentiable and a ′ (s) > 0 ∀s ∈ I. Clearly, Σ is a hypersurface of M × R. For a point x = (g s (p), a(s)) ∈ Σ, one has
where {X 1 (s), . . . , X n−1 (s)} is the parallel displacement of an arbitrary linearly independent frame in T Σ 0 along γ p . A unit normal to Σ is
In particular, its angle function is
Theorem 1. Let Σ be a hypersurface of M × R whose angle function θ never vanishes. Then, Σ has ∇ξ as a principal direction if and only if it is (locally) given by (1) . If so, the principal curvature of Σ in the direction ∇ξ is constant along the horizontal sections Σ t = Σ ∩ (M × {t}).
Proof. Let us suppose first that Σ is given by (1) . Since, for any p ∈ Σ 0 , γ p is a geodesic of M (and so of M × R), and η s = γ ′ p (s), we have ∇ ∂s η s = 0. Noticing then that N = θ(−a ′ η s + ∂ t ), one has
Hence, for all X ∈ ∂ s ⊥ ⊂ T Σ, we have that ∇ ∂s N, X = 0, which implies that ∂ s is a principal direction of Σ. In addition, one has
So, the corresponding eigenvalue of A is
, which gives that λ is a function of s alone, and so it is constant along the horizontal sections of Σ.
Finally, observing that ∇ξ
Conversely, let us suppose that Σ ⊂ M × R is a hypersurface which has ∇ξ as a principal direction. Then, Σ is (locally) a graph of a differentiable function u defined on a domain Ω ⊂ M. It is easily checked that, in this setting,
where, by abuse of notation, we are writing ∇u instead of ∇u • π M . Hence,
is the angle function of Σ. Considering the flow of ∇ξ/ ∇ξ 2 on Σ, and possibly restricting the domain Ω, we can assume that the horizontal sections Σ t ⊂ Σ are all connected and homeomorphic to a certain Riemannian manifold Σ 0 . Furthermore, there exists an immersion
Define then the map g t : Σ 0 → M by
and observe that each g t is an immersion whose image g t (Σ 0 ) is a level set of u. In particular, ∇u is orthogonal to g t with respect to the induced metric. Furthermore, since ∇ξ is a principal direction and ∇θ = −A∇ξ, we have that θ is constant along the horizontal sections Σ t (so, the same is true for ∇ξ , since ∇ξ 2 + θ 2 = 1). This, together with (5), gives that, for each t ∈ J, ∇u is constant on the level set g t (Σ 0 ). Consequently, the (normalized) trajectories of ∇u are geodesics of M (see [2, Lemma 1] ). Now, observe that, for each p ∈ Σ 0 , the curve ϕ p (t) = G(p, t) is tangent to ∇ξ. Thus, γ p := π M • ϕ is tangent to ∇u and, by the above considerations, is a geodesic of M (when reparametrized by arclength). Moreover, since
the following identities hold:
In particular, γ
Let s = L p (t) ∈ I ⊂ R be the arclength parameter of γ p from an arbitrary point t 0 ∈ J. Since ∇ξ is a function of t alone, it follows from (6) that the same is true for L p (t). Hence, the function a = L −1 : I → J depends only on s and satisfies a ′ > 0. Writing, by abuse of notation, γ p = γ p • a, and g s = g a(s) , one clearly has that each γ p is a geodesic of M, the immersions g s are parallel, and that
This finishes the proof.
We get from Theorem 1 the following result, whose proof is analogous to the one given in [2] for its Corollary 2. Corollary 1. Let Σ be a connected hypersurface of M × R. Then, if the angle function θ of Σ is constant, one of the following holds:
• Σ is a vertical cylinder over a hypersurface of M.
• Σ is given locally by (1) with a ′ constant.
Conversely, if one of these possibilities occur, then θ is constant.
Suppose that a hypersurface Σ ⊂ M × R intersects M t = M × {t} transversally, so that the horizontal section Σ t := M t ∩ Σ is a hypersurface of M t . In this case, it can be easily checked that
is a well defined unit normal field to Σ t . We will denote the shape operator of Σ t with respect to η by A η , and set H Σ and H Σt for the (non normalized) mean curvature functions of Σ and Σ t , respectively. Lemma 1. Let Σ t be a horizontal section of a hypersurface Σ of M × R. Then
As a consequence, for T = ∇ξ/ ∇ξ , the following equality holds along Σ t :
Proof. We have that M t = M × {t} is totally geodesic in M × R. Hence, its Riemannian connection coincides with the restriction of the Riemannian connection ∇ of M × R to T M t × T M t . Therefore, for all X ∈ T Σ t , we have
Thus, for all X, Y ∈ T Σ t = T M t ∩ T Σ ,
Now, in a suitable neighborhood U ⊂ Σ of an arbitrary point on Σ t , consider an orthonormal frame {X 1 , . . . , X n−1 , T } such that X 1 , . . . X n−1 are all tangent to Σ t . Then, on U ∩ Σ t , we have
which concludes the proof.
We call a family of parallel hypersurfaces g s : Σ 0 → M, s ∈ I, isoparametric if each g s has constant mean curvature H s (depending on s). It is well known that, when M is one of the constant sectional curvature space forms, such a family g s is isoparametric if and only if the principal curvatures of each g s are constant functions.
Theorem 2. Let Σ ⊂ M ×R be a hypersurface given by (1) . Assume that the family g s is isoparametric and that H s is the constant mean curvature of g s . Assume further that, for a given constant H ∈ R, the function a(s) is defined by the equality
where y = ̺(s) is a solution of the linear differential equation of first order (10) y ′ = H s y + H, which satisfies 0 < ̺(s) < 1 (possibly in a subinterval of I ⊂ R). Then, Σ has constant mean curvature H. Conversely, if Σ has constant mean curvature H, then g s is isoparametric and the function a(s) is necessarily given by (9) with ̺ = a ′ θ.
Proof. By equalities (3) and (8), we get H s = φ(H Σ − λ), where
and λ = a ′′ θ 3 .
So, we have H Σ = −(a ′ θ)H s + a ′′ θ 3 . However, by (2) , one has (a ′ θ) ′ = a ′′ θ 3 . Therefore, if we set ζ = a ′ θ, we get (11) ζ ′ = H s ζ + H Σ ∀s ∈ I.
A direct computation gives that 0 < ζ 2 = (a ′ ) 2 /(1 + (a ′ ) 2 ) < 1, and also that
Thus, if g s is isoparametric and the function a(s) is defined by (9) (with ̺ satisfying (10)), it follows by (12) that ζ = ̺. Comparing then (10) and (11), we conclude that Σ has constant mean curvature H.
Conversely, if Σ has constant mean curvature H Σ = H ∈ R, it follows from (11) that g s is isoparametric and, by (12) , that a(s) is given by (9) with ̺ = ζ = a ′ θ.
